In this paper, we consider the generalized sextic functional equation
([4]) Suppose (X, d) is a complete generalized metric space, which means that the metric d may assume infinite values, and J : X → X is a strictly contractive mapping with the Lipschitz constant 0 < L < 1. Then, for each given element x ∈ X, either d J n x, J n+1 x = +∞ for all n ∈ N ∪ {0} or there exists an integer k ≥ 0 such that: Throughout this paper, let V and W be real vector spaces, X a real normed space, and let Y be a real Banach space. For a given mapping f : V → W, we use the following abbreviations
for all x, y ∈ V. 33 Now, we will see useful Lemma for the proof of main theorem. 34 Let θ be a real constant such that 0 < θ < π 4 and cos(3θ) = −17 
And, to obtain the equality (4), by (3) we obtain the following calculation : = lim n→∞ L n ϕ e (x, y) = 0, for all x, y ∈ V.
38
In the following main theorem, we will prove the generalized Hyers-Ulam stability of the 39 functional equation (1) by using the direct method.
40
Let θ, L, ϕ be as in Lemma prop2. If f : V → Y is a mapping satisfying f (0) = 0 and the inequality
then there exists the unique solution mapping F :
In particular, F is represented by
for all x ∈ V.
41
Proof. Let S be the set of all functions g : V → Y with g(0) = 0. We introduce a generalized metric on S by
It is not difficult to show that (S, d) is a complete generalized metric space (see [3, Theorem 2.5] or the proof of [8, Theorem 3.1]). Now we consider the mapping J : S → S, which is defined by
42
And, by using the oddness and the evenness of g o and g e , and n C i−1 + n C i = n+1 C i , due to mathematical induction we can get
holds for all n ∈ N and x ∈ V.
43
Let g, h ∈ S and let K ∈ [0, ∞] be an arbitrary constant with d(g, h) ≤ K. From the definition of d and (3), we have
for all x ∈ V, which implies that d(Jg, Jh) ≤ Ld(g, h)
for any g, h ∈ S. That is, J is a strictly contractive self-mapping of S with the Lipschitz constant L. Now, after long and tedious calculation, we have
And, by (5) we obtain
for all x ∈ V. It means that d( f , J f ) ≤ 1 < ∞ by the definition of d and due to Proposition 2 the sequence {J n f } converges to the unique fixed point F : V → Y of J in the set T = {g ∈ S : d( f , g) < ∞} which implies (7). Moreover, by Proposition 2, we have 
for all x, y ∈ V, we obtain
for all x, y ∈ V.
of 10
Therefore, F is the unique solution of the functional equation (1) with (6). Finally se see that if F is a solution of the sextic functional equation (1) with F(0) = 0, then we can derive that F is a fixed point of J from the equality 
for all x, y ∈ V. Therefore, by taking the limit we complete the proof of (10).
49
Let θ, L, ϕ be as in Lemma 2. If f : V → Y be a mapping such that the inequality (5) holds for all x, y ∈ V, then there exists the unique solution F : V → Y of (1) satisfying the inequality
Proof. As we did in the proof of Theorem 2, we let S as the set of all functions g : V → Y with g(0) = 0 and we define a generalized metric on S by
We now consider the mapping J : S → S defined by
for all x ∈ V. Then, as in the proof of Theorem 2, by mathematical induction we obtain that
x 2 3n−i−j holds for all n ∈ N and x ∈ V.
51
Let g, h ∈ S and let K ∈ [0, ∞] be an arbitrary constant with d(g, h) ≤ K. From the definition of d and (9), we have which is represented by (12) for all x ∈ V. 56 We also due to Proposition 2.1 obtain that
which implies (11). (1). 58 Finally we see that if F is a solution of the sextic functional equation (1), then the equality
implies that F is a fixed point of J.
